Abstract-Advanced control techniques like V 2 , Vout hysteresis or V 2 Ic can strongly reduce the required output capacitance in PowerSoC converters. Techniques to analyze power converters based on the analysis of the frequency response are not suitable for ripple-based controllers that use fast-scale dynamics to control the power stage. This paper proves that the use of discrete modeling together with Floquet theory is a very powerful tool to model the system and derive stable region diagrams for sensitivity analysis. It is applied to V 2 Ic control, validating experimentally that Floquet theory predicts accurately subharmonic oscillations. This method is applied to several ripplebased controllers, providing higher accuracy when it is compared with other techniques based on the frequency response. The paper experimentally validates the usefulness of the discrete modeling and the Floquet theory on a 5 MHz Buck converter with a V 2 Ic control.
I. INTRODUCTION
Designers of power converters in the industry mainly use techniques based on the frequency response to analyze these systems [1] . The linear controller of the system is designed according to the desired loop gain of the system. The stability is established by means of the gain margin and the phase margin of the corresponding Bode diagram. For a good dynamic behavior, the phase margin is set between 60 o and 80 o (usually 76 o ). The output impedance transfer function Z out (s) = −v out /i out can be used to estimate also the dynamic behavior under load steps. In general, frequency response-based techniques provide useful tools to design accurately the linear controller of the power converter.
However, the frequency response is applied to the slow loop of the system. Figure 1 shows an example of a ripplebased control. These kinds of controls are used to supply microprocessors where the converter has to meet high dynamic requirements and a very high switching frequency for integration purposes. These controls typically present two parts: an outer slow loop where the output voltage is controlled with a linear controller and an inner fast loop where a rippled signal is compared to the output of the controller to obtain the duty cycle. within it, proving that the slow loop is completely "blind" to the instabilities of the fast loop. The signals of this fast loop present most of its harmonic content around the switching frequency and, since the bandwidth of the control is much lower than this frequency, a simple averaged model cannot predict some instabilities. Unfortunately, the dynamic behavior and the appearance of sub-harmonic oscillations heavily depend on the fast loop and, therefore, an alternative analysis is required to design robust and fast converters. The prediction of sub-harmonic oscillations requires a very accurate model of the transfer functions of the fast loop. A simulation program such as Simplis to obtain the corresponding Bode diagrams falls short in order to derive a wide stability criteria for sensitivity analysis where several critical parameters are varied and a mathematical or graphical representation of the stability criteria is needed. An approach to design these systems is to introduce information about the ripple of the signals in the averaged model [2] , [3] . These methods, which still rely on the frequency response, are widely known by designers and obtain a nonlinear PWM modulator to provide a methodology to design the compensating ramp of peak current-mode controls but the modulation block that is needed to derive may be prohibitively complex in ripple-based controllers. The descriptive function [4] is proposed to analyze a V 2 controlled-buck converter. The power stage, the switches and the PWM modulator are treated as a single entity and modeled. This still relies on the Bode diagram to predict the sub-harmonic oscillations. These methods suffer from complex mathematical formulas that are needed to derive for each specific power stage and control.
Recently, a completely different approach has been applied to power converters [5] , [6] , [7] . In the field of control, a power converter can be seen as a periodic system and the sub-harmonic oscillations as bifurcation phenomena. For such systems, the Floquet theory is used to predict the appearance of bifurcations. This paper improves the previous work by deriving the discrete model of a closed-loop control with integral action and by applying the method to V 2 I c , V 
II. FLOQUET THEORY APPLIED TO POWER CONVERTERS
The Floquet theory adresses the problem of determining the stability of periodic systems. The theory states that the periodicity of a periodic system can be maintained if the eigenvalues (called Floquet multipliers) of the monodromy matrix are all inside the unit circle. The monodromy matrix is the matrix that relates the perturbation at the beginning of a period and the perturbation at the end of that period
Depending on the system, several methods to obtain the monodromy matrix are available. Periodic systems can be classified in three types: continuous systems, discrete systems and hybrid systems. The power converter as a continuous system is known in power electronics as an averaged linearized model. However, continuous systems cannot present doubleperiod bifurcations [5] (sub-harmonic oscillations) and, thus, this kind of modeling is not suitable for a complete analysis.
A. Monodromy matrix of discrete systems
A discrete system [8] is of the form of x k+1 = f (x k , u) where x k is the state at the beginning of the period, x k+1 is the state at the end of the period, u is the input variables and f is, in general, a nonlinear function. The monodromy matrix of discrete systems is equal to the Jacobian of the discrete system evaluated in a period:
B. Monodromy matrix of hybrid systems
A hybrid system is a system that presents both continuous and discrete transitions. An example of such system is a piecewise smooth system that is of the form of
A model of this form can be easily derived for a power converter. The monodromy matrix of hybrid systems is constructed by pre-multiplying transition matrices and saltation matrices.
The transition matrix is the matrix that evaluates the evolution of a perturbation in a continuous system. In case the system evolves from t = 0 to t = dT in state i (dx(t)/dt = A i x(t) + B i u), then the transition matrix is φ i (dT ) = e Ait . The saltation matrix [9] , [10] is the matrix that evaluates the evolution of the perturbation across a switching hypersurface. A switching hyper-surface is the mathematical form of the condition for jumping from state i to state j and, in power converters, it is commonly of the form of
The saltation matrix is obtain from the formula:
where I is the identity matrix, f p− [10] is the differential state dx/dt just before the switching, f p+ is the differential state dx/dt just after the switching and n is the normal to the hyper-surface h(x(t), t) (n = K if (3) applies). Note that when the switching is forced (as in controls using a latch RS), the switching condition is not an actual hypersurface 1 and, therefore, the term n of the equation (4) is a vector of zeros so the saltation matrix at that instant is the identity matrix.
For a system that starts in state 1, then at t = t 1 , it switches to state 0 and continues in that state until it switches back at t = t 2 to state 0 (figure 4), the monodromy matrix is: converters switching at 5 MHz that supply microprocessors. It provides very fast transient responses under voltage reference steps and load steps. The control presents an inner fast loop where the current through the capacitor, the output voltage and a compensating ramp to stabilize the system are added. In the outer slow loop, the error of the output voltage passed through a linear controller. The ON-resistance of the switches R 1 and R 0 , the resistance of the inductor, R L and the ESR, R c , and the ESL of the output capacitor are the parasitic elements of the power stage. The output of the control is δ which is the duty cycle. The compensating ramp, V ramp is modeled over a period T as V ramp = m ramp t + H f where m ramp is the slope of the ramp and H f is the offset. The peak-to-peak amplitude of the ramp is V pp = m ramp /T .
A. Measurement of the current through the output capacitor
The current through the output capacitor is measured by adding a parallel RLC network [12] . The actual implementation is done by means of a trans-impedance amplifier but, for the purpose of this paper, it is sufficient to consider only the equivalent parallel RLC network. For a correct measurement of the current, the parameters of the parallel network must comply the following conditions:
When these conditions are fulfilled, the current through the parallel network is n times the current through the output capacitor
A mismatch in the ESL of the output capacitor may induce sub-harmonic oscillations.
B. Piece-wise smooth model of the system
The state variables of the system are: the voltage in the output capacitor, x 1 , the voltage in the capacitor of the parallel network, x 2 , the current through the inductor, x 3 , the current through the output capacitor, x 4 , the current through the parallel network, x 5 , and the voltage in the capacitor of the regulator, x 6 . The general form of a piece-wise smooth model is shown in (2) but, due to the integral action, the matrices A 0 and A 1 are singular. Then, the solution of the differential equation dx(t)/dt = Ax(t) + Bu, needed for the derivation of the discrete model, cannot be directly solved, and rather, the solution is separated between the solution of the state variables that depend on themselves x s = [x 1 ; x 2 ; x 3 ; x 4 ; x 5 ] and the solution of the state variable that does not depend on itself
The piece-wise smooth model of the system is:
The switching hyper-surface that takes into account the switching from state 1 to state 0 is:
The other switching does not need to be considered since it is forced by the latch RS. The elements of the matrices and vectors of (7) and (8) are shown in the Appendix.
C. Discrete model of the system
A discrete-time system is derived from (7) and (8) . The result is shown in the Appendix and it is an implicit discrete model where the duty cycle is obtained numerically in each period. The discrete model is of the form:
Normally, this system would be explicit, where the duty cycle can be obtained as an explicit function of the initial state, but this is achieved by simplifying the exponential terms of the equations by their first or second Taylor expansions. However, the requirement of considering the ESL of the output capacitor causes the mentioned simplification not to hold.
Note that the discrete model is not a discrete transfer function G(z), but the complete equations that relate the final state with the initial state, meaning that it presents no simplifications and the ripple of the signals can be obtained from such model. This is the large-signal closed-loop discrete model of the system. Figures 6 and 7 show a comparison between the discrete model derived and simulation results. The dynamic behavior, ripple of the signals and instabilities greatly agree. Figure 8 shows a bifurcation diagram for sensitivity analysis. As a parameter of the power converter is varied, the value of one state variable at the beginning of each period is plotted a large number of times when the steady state has been reached. This way, a graphical representation of the bifurcation phenomena is achieved. Note that the instability, called in power converters sub-harmonic oscillation, is a double-period bifurcation where the system is unable to achieve periodicity in a period T and, rather, the equilibrium point is 2T -periodic.
D. Comparison with averaging
The discrete model (9) depends solely on the elements of piece-wise smooth model (7) and how the switching takes place (8) . Although at a first glance, the equations of the discrete model are intimidating, they are the very same equations for a vast quantity of power stages and control since the only thing that changes are the (A i , B i , K f ,...) matrices and vectors, which are easily known. To derive the model of another control and to consider parasitic elements is very simple. The bifurcation diagrams obtained from the discrete model can be used for sensitivity analysis.
Oppositely, in the averaged model, if considering parasitic elements is a requirement (as for sensitivity analysis) prohibitive complex different equations may need to be derived for every particular power converter. Also, the averaging and linearization of the system that are required eliminate information about the system near the switching frequency.
The discrete modeling is a vastly superior technique than the averaged modeling. However, techniques based on the frequency response, that is the common analysis, cannot be employed in the discrete model, but the next chapters show that the Floquet theory, which can be applied, is also a superior technique in ripple-based controllers.
IV. STABILITY ANALYSIS OF V
2 I c This chapter shows the stability analysis of the V 2 I c control using the Floquet theory. The Filippov's method is employed to find out the monodromy matrix. Figure 3 shows that the piece-wise model and the value of the state variables in steady state at the switching events are needed. 
A. Values of the state variables
The required values can be retrieved from a simulation program, but, the derivation of the discrete model offers another method. From equation 9, the constraint x k+1 = x k is applied. Then, the values of the state variables in steady state at the beginning of the period are found out numerically (shown in the Appendix). The very same equation 9 allows then to find out the values of the state variables at the switching events. The equations are shown in the Appendix. In V 2 I c control, the latch RS forces a switching every T seconds, so that event does not have to be considered. Only, the values of the state variables at the first switching event x(dT ) are retrieved.
B. Filippov's method
The equation 5 shows the expression of the monodromy matrix using the Filippov's method. The saltation matrix corresponding to the second switching is the identity matrix as the switching is forced. The saltation matrix corresponding to the first switching, that occurs at t = dT is:
where
The monodromy matrix is:
If all the eigenvalues are in the open unit disk, the system is locally asymptotically stable. Figure 9 is a comparison between the bifurcation diagram of figure 8.a and the stability analysis showing a complete agreement.
V. SENSITIVITY ANALYSIS OF RIPPLE-BASED

CONTROLLERS
The combination of discrete modeling and Floquet theory allows the derivation of powerful tools. As critical parameters of the power converter are varied, the required values of the state variables are retrieved from the discrete modeling and the Filippov's method is employed to find out the Floquet multipliers and establish stable region diagrams. The method A. Sensitivity analysis of V 2 I c V 2 I c presents sub-harmonic oscillations for duty cycles greater than 0.5. A mismatch in the ESL of the output capacitor causes sub-harmonic oscillations. Also, the gain of the current loop affects the stability. A compensating ramp is added to stabilize the system. The design should consider then, what the required compensating ramp is for different duty cycles, gains of the current loop and mismatches in the parallel network. Figure 11 shows the sensitivity analysis by means of stable region diagrams.
B. Sensitivity analysis of V 2 constant T on V 2 control uses the ripple of the output voltage when the ESR of C out dominant. When the switching frequency or the ESR are too low, a sub-harmonic oscillation may appear. Using a refined averaged model called descriptive function, where the information of the ripple is included in the modulation block, the following condition for stability is achieved: Figure 12 shows the sensitivity analysis using the descriptive function and the Floquet theory. The descriptive function is more conservative and the Floquet theory is more accurate and allows for a smaller capacitor or lower switching frequency. C. Sensitivity analysis of V out with measurement of I Cout V out with measurement of I Cout presents the same problems as V 2 I c under a mismatch in the parallel network. Figure 13 shows the sensitivity analysis varying the ESL of C out and the duty cycle. As the region of instability is too small, the figure shows the evolution of the modules of the Floquet multipliers.
VI. EXPERIMENTAL RESULTS
This section documents the validation of the discrete modeling and stability analysis of the V 2 I c control. The experimental prototype is designed according to the sensitivity analysis of the section V.
The experimental system switches at a frequency of 5 M Hz. The input voltage V in is 4.5V and the nominal output voltage V out is 1V . The parameters of the power stage are:
. For a well-designed sensor: C S = 4nF , R S = 4.86Ω, L S = 1.2µH. The parameters of the control are:
The comparison of the discrete map and the experimental results is shown under load steps and voltage reference steps. For each case, a positive and a negative step is plotted. The section is divided in two parts where the modeling and the stability analysis are validated respectively.
A. Validation of modeling
The discrete modeling of the system is validated by comparing it the dynamic behavior of the system under voltage reference step of the experimental prototype.
1) Voltage reference step: The system is plotted under a negative voltage reference step of 2 V → 1 V ( figure 14) .
The dynamic behaviors of the discrete model and the experimental prototype greatly agree.
B. Validation of analysis of local stability
The previous parameters remains the same except the ramp, which is set to an amplitude of 0.37V in order to induce an instability. Employing the Filippov's method to find out the Floquet multipliers, the system is predicted to get unstable from 3.1 V ( figure 15 ).
This prediction is validated experimentally (figure 16). Note that the reference signal V slow , which is the output of the linear controller, does not change, meaning that the slow loop is unaware of the oscillation in the fast loop.
VII. CONCLUSION
The discrete model is an extremely accurate technique. It is simpler than averaged-based method for fast control techniques, where parasitic elements are considered. The Floquet theory predicts with extreme precision sub-harmonic oscillations of the power converters. The Floquet theory along with the discrete model allows for sensitivity analysis regarding the tolerances of critical parameters.
APPENDIX A MATHEMATICAL FORMULAS
This appendix contains all the mathematical formulas derived for the analysis.
A. Piece-wise smooth model of
The piece-wise smooth model of the system is: 
Note that x s is a vector of five state variables, x c is a unique state variable. Note that if the ON-resistances of the MOSFET transistors R 1 and R 0 are the same, then, A 1 = A 0 . The complexity of the model is because a lot of parasitic elements are considered. In the simplest case, the model only presents two state variables. The switching conditions at the first and second event are:
h 10 (x, t) = K f x s (t) + K c x c (t) + G f u + m ramp t + H f h 01 (t) = t − T where
B. Discrete modeling
The equations of the discrete model are intimidating but, looking deeper into them, they are very simple in the sense that it is only dependable on the piece-wise model and the switching actions. The following equations are the same for every power converter and they do not have to be derived everytime. The only thing that changes from one converter to another is the piece-wise model and switching action, both easily derived.
Defining the terms: x(dT ) = f (x(0), u)
where If the discrete model is constrained to fulfill the condition x k+1 = x k , the expression of the equilibrium point of the system is reached:
